ABSTRACT. In this note, we exploit the arithmeticity criterion of Benoist-Miquel to exhibit an origami in the principal stratum of the moduli space of translation surfaces of genus three whose Kontsevich-Zorich monodromy is not thin in the sense of Sarnak.
INTRODUCTION
The dynamics of the action of SL(2, R) on moduli spaces of translation surfaces is driven by the Kontsevich-Zorich monodromy consisting of the matrices encoding changes of basis in absolute homology of translation surfaces along SL(2, R)-orbits.
The nature of the Kontsevich-Zorich monodromy depends heavily on the support of the ergodic SL(2, R)-invariant probability measure, and Sarnak asked how often a KontsevichZorich monodromy is arithmetic or thin in his sense (compare with §3.2 of [Sa] ).
In the case of Masur-Veech measures, the corresponding Kontsevich-Zorich monodromies contain the Rauzy-Veech groups 1 , and, as it turns out, the arithmeticity of Rauzy-Veech groups was recently established in [AMY] and [Gu] . In particular, the Kontsevich-Zorich monodromies associated to Masur-Veech measures are always arithmetic.
In this article, we focus on the Kontsevich-Zorich monodromies of the natural measures supported on Teichmüller curves 2 . In general, a Teichmüller curve is defined over a totally real number field, and we say that a Teichmüller curve is arithmetic if and only if it is defined over Q. Equivalently, a Teichmüller curve is arithmetic if and only if it contains an origami / square-tiled surface 3 . In the moduli space of translation surfaces of genus 2, it can be shown that the KontsevichZorich monodromy of non-arithmetic, resp. arithmetic, Teichmüller curves are thin, resp. arithmetic (cf. [Sa, §3.2] ).
In the moduli space of translation surfaces of genus 3, the main result of this note ensures the existence of arithmetic Kontsevich-Zorich monodromies associated to an arithmetic Teichmüller curves. Theorem 1.1. The non-tautological part 4 of the Kontsevich-Zorich monodromy associated to a certain Teichmüller curve C generated by a certain origami O 1 of genus 3 is arithmetic.
Remark 1.2. It would be interesting to know whether the "majority" of non-tautological parts of Kontsevich-Zorich monodromies of origamis of genus 3 is arithmetic.
Closing this short introduction, let us describe the organization of this note. In Section 2, we describe the origami O 1 and its Teichmüller curve C. In Section 3, we compute the Kontsevich-Zorich monodromy of C: in particular, we describe two 4 × 4 matrices (called ρ(a) and ρ(b) below) generating the non-tautological part of the Kontsevich-Zorich monodromy of C. Finally, we rephrase Theorem 1.1 as Theorem 4.3 below (for the sake of convenience), and we show that the desired arithmeticity statement can be deduced from a recent theorem of Benoist-Miquel [BM] after some computations with certain powers of the two 4 × 4 matrices introduced above. Remark 1.3. In this note, we assume some familiarity with the basic features of origamis. In particular, the reader is invited to consult §8 and Appendix C of the survey [FM] for more details about the representation of origamis via permutations, the Veech and affine groups of origamis, etc.
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2. AN ARITHMETIC TEICHMÜLLER CURVE C WITH A SINGLE CUSP 2.1. The origami O 1 . Consider the square-tiled surface O 1 associated to the pair of permutations h O1 = (1) (2, 3, 4, 5)(6, 7, 8, 9) , v O1 = (1, 2, 3, 6)(4, 7, 9, 8)(5)
The SL(2, Z)-orbit of O 1 consists of four elements. Indeed, this fact can be checked as follows. We recall that:
• the generators T = 1 1 0 1 and S = 1 0 1 1 of SL(2, Z) act on pairs of
• the pairs of permutations (h, v) and (φhφ −1 , φvφ −1 ) give rise to the same squaretiled surface. 4 Here, the non-tautological part of the Kontsevich-Zorich monodromy of an origami X means the following. The absolute homology of an origami X admits a decomposition defined over Z into the direct sum of a tautological plane H st 1 (X) and its symplectic orthogonal H
1 (X) (with respect to the intersection form). The Kontsevich-Zorich monodromy respects this decomposition and the non-tautological part of the KontsevichZorich monodromy is its restriction to H (0) 1 . In particular, the non-tautological part of the Kontsevich-Zorich monodromy is a subgroup of Sp(H (4, 6, 8, 9) , v O3 = (1, 2, 7, 8)(3, 5, 6, 4)(9), v O4 = (1, 2, 6, 9)(3, 7, 4, 5)(8) As it turns out, the T -orbit of O 1 accounts for its entire SL(2, Z)-orbit because
, where φ 4 = (1, 6, 2, 9, 4, 3)(5, 8)(7), φ 3 = (1, 5, 9, 8)(2, 6, 3, 4)(7) and φ 2 = (1, 9)(2, 4, 5, 3, 6, 8)(7).
Remark 2.1. For later use, observe that the matrix −Id acts on pairs of permutations by
In particular, the action of −Id on SL(2, Z) · O 1 is completely described by the formulas
where ψ 3 := (1)(2, 8, 4, 6)(3, 7, 5, 9) and ψ 4 := (1)(2, 9, 4, 7) (3, 8, 5, 6) .
In summary, the SL(2, Z)-orbit of O 1 can be depicted as in Figure 2 below. It follows from this discussion that SL(2, R) · O 1 has a single cusp (i.e., single
Remark 2.2. The homological dimension of SL(2, R) · O 1 in the sense of Forni [Fo] is three. Thus, by the results in [Fo] , the Lyapunov spectrum of the Kontsevich-Zorich cocycle over SL(2, R) · O 1 with respect to the Haar measure has the form
Moreover, the Eskin-Kontsevich-Zorich formula [EKZ] for the sum of non-negative Lyapunov exponents of the Kontsevich-Zorich cocycle implies that 1 + λ 2 + λ 3 = 2, i.e.,
Finally, some numerical experiments indicate that λ 2 0.57... and λ 3 0.43... From Figure 2 above, we see that SL(O 1 ) is an index four subgroup of SL(2, Z). Furthermore, SL(O 1 ) is a congruence subgroup of level 4, and the Teichmüller curve C = SL(2, R)/SL(O 1 ) has genus zero. Thus, SL(O 1 ) is generated by elliptic and parabolic elements: indeed, one can check that SL(O 1 ) is generated by the following two elliptic matrices
The group structure of SL(O 1 ) is provided by the following lemma:
Proof. Consider the twelve cones C k ⊂ R 2 − {(0, 0)} defined by the following properties: A simple calculation shows that
It follows that {a, a 2 } = a \ {Id} and {b, b 2 } = b \ {Id} play ping-pong with the tables
in the sense that X and Y are disjoint subsets of R 2 such that
By the ping-pong lemma, we conclude that SL(O 1 ) = a * b .
Remark 2.4. The construction of these cones was inspired by Brav-Thomas paper [BT] .
THE KONTSEVICH-ZORICH MONODROMY OF C
The representation α :
is called Kontsevich-Zorich cocycle over C. In the sequel, we will compute the image under α of the generators a and b of SL(O 1 ) Aff(O 1 ).
The relative homology groups of
the relative cycles on O k consisting of the bottommost horizontal and leftmost vertical sides of the square numbered g ∈ {1, . . . , 9}.
Note that each square g of O k gives a relation σ
6 , σ
4 + ζ 3.2. The action of SL(2, Z) on the relative homology groups. The matrix T = 1 1 0 1 takes O k to O k+1 , and it acts on the corresponding relative homology groups by the matrix T k,k+1 such that
Similarly, the matrix S = 1 0 1 1 takes O k to O k−1 , and it acts on the corresponding relative homology groups by the matrix S k+1,k such that
Finally, −Id exchange O 1 and O 3 , resp. O 2 and O 4 , and it acts on the corresponding relative homology groups by the matrices (−Id) 1,3 = (−Id)
3,1 and (−Id) 2,4 = (−Id)
3.3. The absolute homology groups of O k , k = 1, . . . , 4. The absolute homology group
2 } where
and
8 .
Note that this basis is adapted to the decomposition
2 . Moreover, it is worth to point out that the matrix of the restriction to H 
This allows us to compute the images α(a) and α(b) of the generators a and b of
For later use, we observe that these formulas give that the non-tautological subrepresentation ρ : Aff(O 1 ) → Sp(H 
, then the characteristic polynomials χ p1 (x) and χ p2 (x) of the matrices ρ(p 1 ) and ρ(p 2 ) are
ARITHMETICITY OF THE KONTSEVICH-ZORICH GROUP ASSOCIATED TO C
This section is devoted to the study of the image of the representation ρ : Z) ) describing the non-tautological part of the Kontsevich-Zorich cocycle.
The matrices ρ(p 1 ) and ρ(p 2 ) are Galois-pinching in the sense of the article [MMY] and the splitting fields of their characteristic polynomials are disjoint.
Indeed, these facts follow from the analysis of the discriminants
(cf. [MMY, §6.7] ). By the Zariski density criterion of Prasad-Rapinchuk [PR, Theorem 9 .10] (see also [Ri, Theorem 1.5 
Remark 4.1. The Zariski-denseness of ρ(Aff(O 1 )) allows to apply the main result of [EM] in order to deduce that the Lyapunov spectrum of C is simple, i.e.,
After using Θ to change the basis B We found 5 that the matrices generate the positive root groups of Sp(4, R) and, thus, P · A, B · P intersects the subgroup U (Z) of unipotent upper triangular matrices of Sp(4, Z) in a finite-index subgroup 6 . Since we know that A, B is Zariski-dense, we can apply the arithmeticity criterion of Benoist-Miquel [BM] saying that Zariski dense subgroups of Sp(4, Z) containing a finite-index subgroup of U (Z) are arithmetic to get the desired conclusion. This is coherent with the arithmeticity statement in Theorem 4.3: if ρ were faithful, then Sp(H (0) 1 (O 1 ), Z) would contain a finite-index subgroup isomorphic to a free group on five generators, namely ρ(Γ(4)) ⊂ ρ(Aff (O 1 ) ). This is a contradiction because it is well-known that Sp(4, Z) does not contain lattices isomorphic to free groups (thanks to Kazhdan property (T)). 5 For this sake, we asked Sage to look words on A, B, A 2 and B 2 of size 10 fixing the first basis vector. 6 This argument was inspired by Section 2 of Singh and Venkataramana paper [SV] . Note that if we want to generate a finite-index subgroup of the unipotent radical of the parabolic subgroup associated to the flag Qe 1 ⊂ Qe 1 ⊕ Qe 2 ⊕ Qe 3 ⊂ Q 4 , then it suffices to use the matrices [y, x], x 6 [y, x] and y 6 [y, x] −1 .
7 Actually he computed with GAP the words on A, B, A −1 , B −1 of sizes 1, 2, . . . , and he noticed that the set of words of length 12 has size < 2 12+1 . This led him to the nontrivial relation of length 2 · 12 = 24 above.
